Let M be a compact complex manifold of complex dimension two with a smooth Kahler metric and D a smooth divisor on M. If E is a rank 2 holomorphic vector bundle on M with a stable parabolic structure along D, we prove that there exists a Hermitian-Einstein metric on E' = E|M\ D compatible with the parabolic structure, and whose curvature is square integrable.
Introduction
Let M be a compact Kahler manifold of complex dimension 2, let ω be a Kahler metric on M.
Let Dbea smooth irreducible divisor in M, and let M = M\D. The restriction of Ω to M gives a Kahler metric on M. For simplicity, we assume in this paper that E is a rank 2 holomorphic vector bundle over M and let E' = E|M be the restriction of the bundle E to M.
We define [LN] the notion of a stable parabolic structure on E (along D) and the notion of a Hermitian-Einstein metric on E' with respect to the restriction of the Kahler metric Ω to M. We proved in [LN] that there exists a Hermitian-Einstein metric on E' compatible with the parabolic structure. We prove in this paper that there exists in fact a Hermitian-Einstein metric on E' (compatible with the parabolic structure) with the property that the curvature of the metric is square integrable (Theorem 2.2). In the case of a projective surface, the square integrability was proved by Biquard [B (4. 2)] using a result of Simpson, while our proof is valid with the Kahler case also.
Once we know the curvature of the H-E metric is in L 2 , it is in fact in Lp for p > 2 (Remark 2.4), and hence the metric defines a parabolic bundle on M as in [B, Theorem 1.1] . Since the metric is also compatible with the given parabolic structure, both parabolic structures are the same. Therefore proving the result that the curvature form of the H-E metric is in L 2 completes our earlier paper and this is the motivation for this note.
The existence of a H-E metric
In this section we shall prove our main theorem. See [LN] for the definitions, such as HermitianEinstein metrics, parabolic bundles, etc.
We need the following result proved in [LN] , regarding the initial metric K0 on E'. 
Theorem 2.2 Let M be a compact Kahler manifold of complex dimension 2 and D a smooth irreducible divisor of M. Let E be a rank 2 holomorphic vector bundle on M with a parabolic structure E* = (E,D, α1,α2). If E* is parabolic stable there exists a Hermitian-Einstein metric
H on E' compatible with the parabolic structure and whose curvature form is square integrable over M.
We shall modify Proposition 7.2 in [LN] and its proof to prove the theorem. In [LN] we used the Dirichlet boundary condition. We use Neumann boundary condition here so that we have the fact that - §^_AF^\QM^ = 0, obtained by applying ^ to both sides of the heat equation; this fact will enable us to apply the Stokes theorem for deriving the relation (2) below.
It was proved in [S] that this heat equation with Neumann boundary condition has a solution for all time. We denote the solution by Kβ for each β. Let hβ = KQ 1 K^.
